In this paper, the cross-correlation distribution between a p-ary m-sequence s(t) and its p + 1 distinct decimated sequences s(dt + l) is derived. For an odd prime p, an even integer n, and
Introduction
For over 40 years, m-sequences and their decimated sequences with good cross-correlation property have been found by Gold [1] , Kasami [2] , and No [3] . Also, to construct a family of p-ary sequences of period p n − 1 with good correlation property, the cross-correlation distribution between a p-ary m-sequence s(t) of period p n − 1 and its decimated sequence s(dt) with gcd(d, p n − 1) = 1 has been studied for many years [4] - [6] .
However, the decimation factor d is not necessarily relatively prime to the period of m-sequence to construct a family of p-ary sequences of period p n − 1 with family size p n from s(t) and s(dt). There are some research results dealing with a decimation factor d which is not relatively prime to the period p n − 1 by Ness, Helleseth, and Kholosha [7] , Kumar and Moreno [8] , and Müller [9] . In [7] , the cross-correlation distribution of ternary m-sequence s(t) and its decimated sequences s(dt) and s(dt + 1) with d = (3 k + 1)/2, where k is odd and gcd(n, k) = 1, is found. Kumar and Moreno [8] † † The author is with the Division of Electronics and Computer Engineering, Hanyang University, Seoul 133-791, Korea.
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Kumar et al. [8] odd
Sidel'nikov [13] odd
Jang et al. [15] odd
ily is 1 + √ p n , which is optimal with respect to the Welch bound [10] . Furthermore, in Theorem 4 of [9] , Müller found the upper bound on the cross-correlation values of the sequences s(t) and only one decimated sequence s(dt) when n is even, n/gcd(n, k) is not divisible by 4, and d is p k + 1. Some sequence families with good correlation property are listed in Table 1 .
In this paper, the cross-correlation distribution between a p-ary m-sequence s(t) and its decimated sequences s(dt + l), 0 ≤ l < p + 1, is derived. For an odd prime p, an even integer n, and
It is also shown that the maximum magnitude of their cross-correlation values is 1 + p √ p n if l ≡ 0 mod p + 1 for n ≡ 0 mod 4 or l ≡ (p + 1)/2 mod p + 1 for n ≡ 2 mod 4 and otherwise, 1 + √ p n . By using s(t) and s(dt + l), a new family of p-ary sequences of period p n − 1 is constructed, whose family size is p n and C max is 1 + p √ p n .
Preliminaries
Let p be an odd prime, F p n the finite field with p n elements, and F * 
Let n be an even integer and
Then the cross-correlation function of s(t) and its decimated sequence s l (dt) at shift τ is defined as
where ω is a primitive complex p-th root of unity, a = α l , and b = α τ . From now on, we will use the notations C l (τ) and C l (b), interchangeably.
Let ψ denote the canonical additive character of the additive group F p n , which is defined as
All additive characters of F p n can be expressed in terms of ψ.
A character χ of the multiplicative group F * p n is called a multiplicative character of F p n . Note that the quadratic character η of F p n is one of multiplicative characters defined by
The Gauss sum G(χ, ψ) using additive and multiplicative characters becomes
Then for the quadratic character η, the associated Gauss sum can be explicitly evaluated as in the following theorem. 
where i = √ −1.
Upper Bound of Cross-Correlation Values
In this section, we will prove that the cross-correlation values C l (τ) in (4) between a p-ary m-sequence s(t) and its decimated sequence s l (dt) are upper bounded by 1 + √ p n or 1 + p √ p n according to the shift value l. Let n be an even integer, α a primitive element of F p n , and
If we represent x in terms of a basis {α 1 ,
can be expressed as a quadratic form given as
where
we determine the rank of the quadratic form Q l (x) defined in (10) in the following lemma.
Lemma 2: The rank of a quadratic form
Proof: The rank ρ of a quadratic form can be determined by finding the number of coordinates of which the quadratic form is independent, i.e., p n−ρ is the number of z ∈ F p n such that Q l (x + z) = Q l (x) for all x ∈ F p n . Then we have
In order to satisfy
If α (14) is always satisfied because
Thus, we only have to count the number of solutions z satisfying (13), which can be rewritten as
Let z = α s . Then, we have
where m is some odd integer. Then we have to count the number of integers s, 0 ≤ s < p n −1, satisfying the following congruence
We will use the well-known fact that xs ≡ y mod r has a solution s if and only if gcd(r, x)|y and in this case there are gcd(r, x) solutions. Also, we have gcd(p n − 1, p 2k − 1) = p gcd(n,2k) −1 = p 2 −1. Now, we have to consider the following two cases. Case 1) n ≡ 0 mod 4:
It is clear that
is even. Therefore, in order to have solutions for (18), the following value
should be an integer. From gcd(
and the above value is an integer if and only if l ≡ 0 mod p + 1. Therefore, when l ≡ 0 mod p + 1, we have p 2 − 1 solutions s of (18) as
where u = 0, 1, 2, · · · , p 2 − 2. This means that there are p 2 − 1 nonzero solutions z = α s satisfying (13) . Since z = 0 also satisfies (13) , the rank of the quadratic form Q l (x) when n ≡ 0 mod 4 is given as
Case 2) n ≡ 2 mod 4: Similarly to Case 1, in order to have solutions for (18),
should be an integer. Thus, there are p 2 − 1 solutions s of (18) given in (20) if and only if
This also means that there are p 2 −1 nonzero solutions z = α s satisfying (13) . Since z = 0 also satisfies (13), the rank of the quadratic form Q l (x) when n ≡ 2 mod 4 is given as
Now, we can prove that the magnitude of the crosscorrelation values is upper bounded by 1 + √ p n or 1 + p √ p n according to the shift value l as in the following theorem.
Theorem 3:
Let n be an even integer, α a primitive element of F p n , and d = p k + 1 with gcd(n, k) = 1. Then, we have the following relation for the cross-correlation values defined in (4).
Proof: From (4), we have
Let a = α l , b = α τ , and z = y − x. Then (26) becomes
Now, we will consider the following three cases. Case 1) l ≡ 0 mod p + 1 for n ≡ 0 mod 4:
By Lemma 2, the inner summation of (27) is equal to p n when z = 0 or z = α s for s given in (20) and in this case, we have tr 
. Let m = 2m + 1, where 0 ≤ m < p 2 − 1. Then (28) can be rewritten as
. Note that A = 0 occurs p n−2 − 1 times as b varies over F * p n . Otherwise, by the balance property of the trace function,
Similarly to Case 1, we can also obtain that
The inner summation in (27) is p n for z = 0 and 0, otherwise. Thus we have
Distribution of Cross-Correlation Values
In this section, we derive the cross-correlation distribution of a p-ary m-sequence s(t) and its p + 1 distinct decimated sequences s l (dt) defined in (3) . First, the number of solutions for the quadratic form is given as in the following theorem.
Theorem 4:
[12, Theorem 6.26] Let f be a nondegenerate quadratic form over the finite field F q , q odd, in n indeterminates, where n is even. Then for b ∈ F q , the number of solutions of the equation
where η is the quadratic character of F q and ∆ = det( f ) and
By a nonsingular linear transformation in coordinates, the quadratic form Q l (x) with rank k in (10) can be transformed to [11] 
where a i ∈ F * p and x i ∈ F p . In this case,
By using Theorem 4, we can obtain the following cross-correlation distribution of s(t) and p + 1 distinct decimated sequences s l (dt), 0 ≤ l < p + 1.
Theorem 5:
Let p be an odd prime, n an even integer, and d = p k + 1 with gcd(n, k) = 1. Let ∆ = a 1 · · · a n and ∆ = a 1 · · · a n−2 , where a i 's are defined in (32). Let η and ψ denote the quadratic character and canonical additive character of F p , respectively. Then, the cross-correlation distribution of a p-ary m-sequence s(t) and its decimated sequences s l (dt), 0 ≤ l < p + 1, becomes: Case 1) l 0 mod p + 1 for n ≡ 0 mod 4 or l (p + 1)/2 mod p + 1 for n ≡ 2 mod 4: If n ≡ 2 mod 4 and p ≡ 3 mod 4, 0 ≤ τ < p n − 1, the distribution of cross-correlation values is given as
and otherwise,
Case 2) l ≡ 0 mod p + 1 for n ≡ 0 mod 4 or l ≡ (p + 1)/2 mod p + 1 for n ≡ 2 mod 4: If n ≡ 0 mod 4 and p ≡ 3 mod 4, the distribution of crosscorrelation values is given as
where b = α τ . It is easy to check that a nonsingular linear transformation of variables as (32) can only permute the correlation values and therefore does not affect the distribution of correlation values. From Lemma 2, the quadratic form Q l (x) has the rank n or n − 2. Thus, we will consider the following two cases. Case 1) Q l (x) has the full rank n:
Using (32) and tr
, where b i ∈ F p , the cross-correlation function can be rewritten as
where a i 's are nonzero elements of 
and thus
It is clear that η(a 
and then
From Theorem 1, we have
Thus, C max for S becomes
Conclusion
In this paper, the cross-correlation distribution between a pary m-sequence s(t) and its decimated sequences s(dt + l), 0 ≤ l < p + 1, is derived. By using s(t) and s(dt + l), a new family of p-ary sequences of period p n − 1 is constructed, whose family size is p n and C max is 1 + p √ p n . It is interesting to find p-ary sequence families with good correlation property, which can be used for applications such as codedivision multiple-access communication systems.
